A knight"s tour on a board is a sequence of knight moves that visits each square exactly once.
Introduction
"The oldest of knight puzzles is the knight"s tour," asserts Martin Gardner [1] . The problem is more than 1000 years old. The chess historian H. J. R. Murray [2] describes closed tours of the 8×8 board by the Shatranj players al-Adli and as-Suli who lived in Baghdad around 840 and 900 CE respectively. Knight's tour questions have continued to fascinate both amateur and professional mathematicians ever since. The mathematician A.T. Vandermonde [3] was the first to construct a three-dimensional knight's tour, in a 4 × 4 × 4 cube, published in 1771. Other 3D examples have been provided by Schubert [4] , Gibbins [5] , Stewart [6] , Jelliss [7] , Petkovic [8] and DeMaio [9] . More recently the present author, Awani Kumar [10] [11] , looked into the possibilities of knight"s tours in cubes and cuboids, having "magic" properties (i.e. adding to a fixed sum along most lines); some new results are reported below. The natural next step is to extend the study to knight"s tours in higher dimensions. Is it possible to find magic knight tours in a 4D hypercube? Can such magic tours be extended further into five (or still higher) dimensions? Is it possible to have magic knight"s tour or closed knight"s tour in an odd order hypercube? What is the size of the smallest cuboid and smallest cube in which knight"s tour is possible in n-dimensions? The author plans to answer these original questions. We describe such a higher dimensional construction, divided into lines of m cells, as an n-dimensional "lattice" of "order" m.
Knight's tours in three dimensions
Knight moves two squares horizontally and one square vertically, or one square horizontally and two squares vertically on a plane board (that is, in two dimensions). It is shown in Figure 1a . A knight's tour is a sequence of knight moves that visits each square exactly once. Figure 1b shows knight"s tour on 6 x 6 board. The discerning readers must have observed that, here, all the rows add up to 111. A tour of a knight on a square board is called magic knight's tour if the sum of the numbers in each row and column is the same (the magic constant). In three dimensions the knight is assumed to move in its usual fashion in each of the three mutually perpendicular planes through the cell it initially occupies. If the three coordinate directions are x, y, z then the three planes can be represented by the pairs of coordinates xy, xz, yz. Thus the mobility of the knight is multiplied three-fold; on a two-dimensional board the knight has a choice of up to 8 cells to which it can move, but in three dimensions it can have as many as 24 cells to move. However, on small boards, or near the edges of larger boards, the number of moves will of course be less than this maximum, since blocked by the board edges or faces. The knight cannot move at all in a 2 × 2 × 2 cube, or from the central cell of a 3 × 3 × 3 cube. So the smallest cubical board on which the knight is mobile on every cell is the 4 × 4 × 4 cube. . This magic knight's tour is closed, since its initial cell (1) and last cell (64) are connected by a knight"s move; on the other hand Figure 3 is an open magic tour. It will be found that the sums of the space diagonals of these cubes are also equal to the magic constant 130, so they are "magic cubes" in the traditional sense. Stertenbrink [12] was the first to discover magic tour of knight in a 4 × 4 × 4 cube in the year 2003. Subsequently Aale de Winkel [13] has compiled 142 such magic tours in an attempt to enumerate all the distinct solutions. The author has found larger magic knight tours by extending the pattern to 8 × 8 × 8 and 12 × 12 × 12 cubes. 
Knight's tours in higher dimensions
This is a new topic in the age-old world of knight"s tours. Manning [14] mentions that "The notion of geometries of n dimensions began to suggest itself to mathematicians about the middle of the 19 th century. Cayley, Grassmann, Riemann, Clifford and some others introduced it into their mathematical investigations." Before we extend the knight"s tour to four dimensions it is important for the reader to try to visualize a 4D hypercube. If we move a unit square a unit distance orthogonal to its plane in 3D space and join the corresponding corners, we get a cube. Analogously, we can imagine moving this unit cube a unit distance in an "orthogonal" direction in 4D space to produce the 4D equivalent of a 3D cube, which is known as a "hypercube". However we can only show this by means of a perspective drawing, as shown in Figure 4a .
Figure 4a. Visualisation of a hypercube
This way, we can visualize a hypercube and be comfortable (and confident) with its "look". The hypercube has 16 corners (derived from 2 cubes), 32 edges (2 cubes and joining lines) and 24 square faces. Figure 4b shows all the possible knight"s moves from a central cell in a 4 × 4 × 4 × 4 hypercube. Once the readers can visualize the jumps of the knight in hyperspace, they can count the possible number of knight moves from the nine distinct cell positions (lettered A to I) in the six planes (xy, xz, xw, yz, yw, zw) determined by pairs of the four coordinates x, y, z, w, as shown in Figure 5 . On a two-dimensional board, knight has a choice of minimum 2 cells (when it is in the corner) and maximum up to 8 cells to which it can move. Now, readers can see that in 4D, knight has a choice of minimum 6x2 (= 12 cells) and maximum up to 6x8 (= 48 cells) to which it can move. In general, knight has a choice of minimum n(n-1) cells and maximum up to 4n(n-1) cells to which it can move in a n-dimensional hypercube. 
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. Smallest knight's tour (closed) in a five-dimensions hypercuboid
Schwenk [16] , DeMaio and Mathew [17] have proved following theorems for closed knight"s tour in two-dimensions and three-dimensions respectively.
Theorem 1 (Schwenk) An m × n chessboard with m ≤ n has a closed knight's tour unless one or more of the following three conditions hold:
(a) m and n are both odd; (b) m  {1, 2, 4}; (c) m = 3 and n  {4, 6, 8}.
Theorem 2 (DeMaio and Mathew) An i × j × k chessboard for integers i, j, k ≥ 2 has a closed knight's tour unless, without loss of generality, one or more of the following three conditions hold:
(a) i, j and k are all odd; (b) i = j = 2; (c) i = 2 and j = k = 3.
Based on observations of knight"s tour in higher dimensions, the author proposes to extend the result to four dimensional i x j x k x l cuboid for integers i, j, k, l ≥ 2 as follows:
Conjecture 1 (Awani Kumar) An i × j × k × l chessboard for integers i, j, k, l ≥ 2 has a closed knight's tour unless, one or more of the following three conditions hold:
(a) i, j, k and l are all odd; (b) i = j = k = 2; (c) i = j = 2 and k = l = 3.
The author proposes to further extend the result to five dimensional i x j x k x l x m cuboid for integers i, j, k, l, m ≥ 2 as follows: In general, the author proposes following results in an n-dimensional a 1 x a 2 x a 3 x … x a n cuboid for integers a 1 , a 2 , a 3 , … , a n ≥ 2 as follows:
Conjecture 3 (Awani Kumar) An a 1 x a 2 x a 3 x … x a n chessboard for integers a 1 , a 2 , a 3 , … , a n ≥ 2 has a closed knight's tour unless, one or more of the following three conditions hold:
(a) a 1 , a 2 , a 3 , … , a n-1 and a n are all odd; (b) a 1 = a 2 = a 3 = … = a n-1 = 2; (c) a 1 = a 2 = a 3 = … = a n-2 = 2 and a n-1 = a n = 3.
Magic knight's tours in higher dimensions
There are trillions of knight"s tours in the 4th order 4D hypercube and their number increases very rapidly with the order of the hypercube, therefore, they are not that challenging as such. However, magic knight"s tours are a different story. It is more interesting (and challenging) to get magic knight"s tours in 4 and higher dimensions. Before proceeding further, let us prove the following theorem. Since m is odd, therefore, the magic sum will always be odd. We know that knight moves alternately from dark cell to light cell and vice-versa. So if the knight"s tour starts from a dark cell then all the odd numbers will be in dark cells and all the even numbers will be in light cells. For odd m, if a line has (m -1)/2 dark cells and (m + 1)/2 light cells then its neighboring line will have (m -1)/2 light cells and (m + 1)/2 dark cells. Since these lines will have odd and even sum, so both can"t sum to the magic constant. Proved.
Extending this logic, we see that there can"t be a magic tour of knight in an n-dimensional hypercube of order m if m is odd. Similarly, there can"t be a closed knight"s tour in a 4-dimensional hypercube of order m if m is odd because the initial cell (1) and the last cell (m 4 ) will be of the same color. So they can"t be connected by a knight"s move. In general, there can"t be a closed knight"s tour in a n-dimensional hypercuboid having odd number of cells.
Can we have magic tour of knight in 4 × 4 × 4 × 4 hypercube? Yes!! As shown in Figure 9 . But how can such tours be constructed? Well, the secret lies in the systematic movement of knight over various planes of the hypercube. Altogether, there are 256 cells. Put them into four groups: 1 to 64, 65 to 128, 129 to 192 and 193 to 256. Start from any cell and move the knight in such a way that each plane has equal numbers from each group in all the rows, columns, pillars and posts. With little patience and perseverance, magic tours can be constructed. The author got it by working on MS Excel. Here, sum of all the rows, columns, pillars and posts are 514. The author has enumerated over 200 such magic tours but in spite of intense effort, couldn"t get the eight space diagonals magic and conjectures that such a tour doesn"t exist. Readers having programming skills and access to powerful computers are requested to enumerate all such magic tours. Can it be extended in a 4D hypercube of order 8? Readers are encouraged to do so. What about magic tours in a hypercube of singly-even order (that is, 6, 10, 14 and so forth)? Well, perhaps, such magic tours don"t exist. Jelliss [18] has proved that a magic knight's tour is impossible on a plane board with singly-even sides. But how close can we get to the magic tour? The best the author could get is 75% magic ratio on a 10 × 10 board, the highest on any singlyeven board to date [19] .
After constructing magic tour in a 4D hypercube, the author extended it into a 5-dimensional 4 × 4 × 4 × 4 × 4 hypercube as shown in Figure 10 . Later, Nakamura [20] further extended it into 7-dimension hypercube but a magic tour in 6-dimensions is yet to be constructed.
Conclusion
Kaku [21] asserts that "There is a growing acknowledgment among physicists worldwide, including several Nobel laureates, that the universe may actually exist in higher-dimensional space." Pickover [22] declares "Various modern theories of "hyperspace" suggest that dimensions exist beyond the commonly accepted dimensions of space and time. The entire universe may actually exist in a higher-dimensional space. This idea is not science fiction …" Musser [23] muses that "As fantastic as extra dimensions of space sound, they might really exist… various mysteries of the world around us give the impression that the known universe is but the shadow of a higher-dimensional reality." Watkins [24] exclaims "… there is no reason to stop with chessboards in only three dimensions!" Accordingly, the author has shown possibility of knight"s tour in higher dimensions and hopes that its study will help in unraveling secrets of hyperspace. 
